We develop an alternative Ashtekar formalism in eight dimensions. In fact, using a MacDowell-Mansouri physical framework and a self-dual curvature symmetry we propose an action in eight dimensions in which the Levi-Civita tenor with eight indices plays a key role. We explicitly show that such an action contains number of linear, quadratic and cubic terms in the Riemann tensor, Ricci tensor and scalar curvature. In particular, the linear term is reduced to the Einstein-Hilbert action with cosmological constant in eight dimensions. We prove that such a reduced action is equivalent to the Lovelock action in eight dimensions.
1.-Introduction
Higher dimensional Ashtekar formalism has shown to be a promising proposal [1] [2] [3] [4] [5] (see also Ref. [6] [7] [8] [9] [10] ). The main physical reason for this is that it allows a possible connection with string theory [11] ; an alternative approach for quantum gravity. However, except for the 8-dimensional Ashtekar formalism [6] the concept so important in 4-dimensions of the self duality curvature concept is lost. Such an 8-dimensional Ashtekar formalism is an interesting approach based on the octonionic structure. Here, we would like to present an alternative approach in 8-dimensional containing the self-duality curvature concept that is even closer to one considered in 4-dimensions.
Another source of physical interest in the present work it can be found from the fact that versions of 8-dimensional theory, such as (4+4)-dimensional scenario, may be obtained from dimensional reduction of a (5 + 5)-dimensional theory which is one of the possible background candidates for the so called Mtheory (see Refs. [12] - [15] ). In fact, the (4 + 4)-dimensional structure emerges from Majorana-Weyl constraints applied to superstrings [11] and supergravity [16] . In this context, it has been shown that the triality automorphisms of Spin(8) act on Majorana-Weyl representations leading to relations among (1+ 9) ↔ (5 + 5) ↔ (9 + 1) signatures, as well as their corresponding transverse signatures (0 + 8) ↔ (4 + 4) ↔ (8 + 0) [13] . Finally, it has been shown that the (4 + 4)-dimensional theory has an interesting connection with qubits and chirotopes (see Refs. [17] - [21] and references therein). So, one may expect that eventually the (4 + 4)-dimensional Ashtekar formalism may shed some light on M-theory.
In this work, it is considered a self (antiself)-dual theory a la Ashtekar in 8-dimensions. Specifically, using the MacDowell-Mansouri physical framework and a self-dual curvature symmetry we propose an action in 8-dimensions in which the the ǫ-symbol (Levi-Civita density tensor) with 8-indices ǫ a 1 ...a 8 plays a key role. We explicitly show that such an action contains the EinsteinHilbert action with cosmological constant in 8-dimensions. In addition, it also contains a number of quadratic and cubic terms in the Riemann tensor, Ricci tensor and scalar curvature. In fact, we prove that such a reduced action is equivalent to the Lovelock action in 8-dimensions.
The plan of this work is the following. In section 2, we briefly recall the self (antiself)-duality formalism in 4-dimensions. In section 3 and 4, we introduce the analogue formalism in 8-dimensions and prove that such a formalism is equivalent to the Lovelock theory in 8-dimensions. Finally, in section 5, we summarize our results and make some final comments. 
Here, R ab µν is a curvature tensor defined, in the usual way, in terms of a SO(1, 3)-connection ω ab µ , namely
while
Moreover, λ is a constant parameter which can be related with the cosmological constant. In fact, this parameter can be properly reabsorbed in e a µ in such way that, for the purpose of computations, one can set it as λ = 1, but eventually it can be recovered in the final result.
In 1996, Nieto, Socorro and Obregon [22] proposed the self (antiself)-dual action
Here,
where ξ = ±1 or ξ = ∓i, depending whether the signature of η ab is Euclidean or Lorentzian, respectively. It is worth remarking that (5) determines that
where, ε = +1 if ξ = ±1 or ε = −1 if ξ = ∓i. It is important to note that this result is directly related to the space-time dimensionality D; in this case D = 4. In fact, this can be established by the number of indices in ǫ a 1 a 2 a 3 a 4 (in this case 4-indices).
Moreover, considering (5) one finds that (1) can also be written as
When one substitutes the relation (7) into (4) one obtains
where
and
One can prove that S 1 is related to the Euler and Pontryagin topological invariants, S 2 leads to the Einstein-Hilbert action, while S 3 is related to the cosmological constant term (see Ref. [22] for details).
3.-Ashtekar formalism in 8-dimensions
In this section, we generalize the procedure of the previous section to 8-dimensions. For this purpose let us first note that the task does not seem so straightforward since we now need to deal with an ǫ-symbol with 8-indices, namely, ǫ a 1 ...a 8 . But the curvature tensor R a 1 a 2 µ 1 µ 2 contains only the two indices a 1 and a 2 . This is one of the reason why in Refs [6] - [9] an Ashtekar formalism with an octonionic structure was proposed. Although this an interesting route here we shall follow an alternative approach. In fact, we shall insist in using ǫ a 1 a 2 a 3 a 4 a 5 a 6 a 7 a 8 instead of the octonionic structure constants. We should mention that just to avoid additional complication by changing the indices notation, in this section we shall use the same indices that in the previous section, but now both Latin and Greek indices shall run from 1 to 8.
Consider the tensor
where the quantity δ
is a generalized Kronecker delta. In fact, we shall introduce the definition
Here, the parameter ǫ takes the values ǫ = +1 or ǫ = −1, depending whether the signature of η ab is Euclidean of Lorentzian, respectively. Our new proposed action in 8-dimensions is
This is, of course, the analogue in 8-dimensions of the action (4) in 4-dimensions.
Here, one has
where ξ = ±1 or ξ = ∓i, depending whether the signature of η ab is Euclidean or Lorentzian, respectively. Using the property (13) of ǫ
where, ε = +1 if ξ = ±1 or ε = −1 if ξ = ∓i. This means that one of the key properties of self (antiself)-duality in the Ashtekar formalism in 4-dimensions is preserved in the action (14) in 8-dimensions. Note that since ξ 2 = ± one obtains
The dual of the dual of an object is equal to the same object, that is, one has the dual property * * = ±I.
4.-Reduction of the Ashtekar formalism in 8-dimensions
In this section, we develop some of the consequences of the action (14) . Substituting (15) into (14) leads to
Simplifying this expression one gets
Using (12) this expression becomes
Now, substituting (1) into (20) with λ = 1 one obtains the action
and it is not difficult to verify that
Thus, (22) is reduced to
It turns out that S 1 and S 6 can be identified with a Euler and Pontryagin topological invariant terms in 8-dimensions. While, S 5 is a cosmological constant term and S 4 leads to the Einstein-Hilbert action in 8-dimensions. Finally, through a long computation one finds that S 2 and S 3 become
respectively. Here, R µναβ = e aα e bβ R ab µν , R µν = R α µαν and R = g µν R µν . Surprisingly, one finds that (35) and (36) have exactly the same form that if one considers the Lovelock theory [23] (see Appendix A en Ref. [24] ). In fact, since S 7 , S 8 , S 9 , and S 10 vanishes one discovers that the sum of S 1 , S 2 , S 3 , S 4 , S 5 and S 6 describe a Lovelock action in 8-dimensions. Moreover, since S 1 and S 6 are topological invariant terms one sees that the whole dynamics of the system is contained in S 2 , S 3 , S 4 and S 5 .
5.-Final remarks
Summarizing, in this article, we have proposed the action (14) as an alternative description of the Ashtekar formalism in 8-dimensions and, in section 4, we have shown some of its consequences. In particular we have shown that it reduces to the Lovelock action in 8-dimensions. It remains to analyze the implications of (14) at the quantum level.
Thinking in terms of division algebras one notes that the 4-dimensional and 8-dimensional structures are two of the allowed dimensions in such algebras. The other are 1-dimensional and 2-dimensional. So the original 4-dimensional Ashtekar formalism corresponds to one of these division algebras. Thus, from the division algebras point of view the 8-dimensional Ashtekar formalism must be considered equally important. Of course, 1, 2, 4 and 8 dimensions are closely related with the real, complex, quaternion and octonionic numbers via the Hurwitz theorem (see Ref. [25] and references therein). So, it may be interesting to see whether both proposals of the Ashtekar formalism in 8-dimensions, the one based on an octonionic structure and one presented here, are related. A direct suggestion for this link is provided by the self (antiself)-duality relation
between the octonionic structure constants η a 1 a 2 a 3 a 4 and the ǫ-symbol in 8-dimensions ǫ a 1 a 2 a 3 a 4 a 5 a 6 a 7 a 8 . Another possibility for such a link comes from group analysis in the sense that both theories are connected with the group SO(8) which can be broken as SO(8) → S 7 ×S 7 ×G 2 , where S 7 is the parallelizable seven sphere and G 2 is one of the exceptional groups. As it is known the parallelizability of S 7 is related with the existence of the octonionic structure in 8-dimensions.
We have developed a procedure which can be used in any signature specified by the flat metric η ab in 8-dimensions. So, in principle, one may think in the particular case of the (4+4)-signature which in turn can be associated with the M-theory proposal of (5 + 5)-dimensions. In this sense, it may be interesting for further research to see whether the present self (antiself)-dual Ashtekar formalism in 8-dimensions can be connected with the oriented matroid theory which has been proposed as a mathematical framework for M-theory (see Refs.
[17]- [19] and references therein).
Moreover, in (1 + 3)-dimensions, the MacDowell-Mansouri formalism is based on the de Sitter gauge group SO(1, 4) (or anti-de Sitter gauge group SO (2, 3) ). In fact, at the level of the spin connection ω (14) is the result of the transition SO(1, 8) → SO(1, 7) (or SO(2, 7) → SO (1, 7) ). In both cases, in (1 + 3)-dimensions and (1 + 7)-dimensions, such a transition is reflected in the cosmological constant term.
In some sense, one can say that the original symmetries SO(1, 4) (or SO (2, 3) ) in the case of (1 + 3)-dimensions and SO (1, 8) (or SO(2, 7) ) in the case of (1 + 7)-dimensions are hidden symmetries of the reduced actions (4) and (14), respectively. Thus assuming a non-vanishing cosmological constant one can focus in the gauge symmetry group SO(1, 3) in the case of (1 + 3)-dimensions and SO(1, 7) in the case of (1 + 7)-dimensions. These comments can be clarified further recalling that in (1 + 3)-dimensions the algebra so(1, 3) can be written as so(1, 3) = su(2) × su (2) . So, the curvature R ab can be decomposed additively [2] :
where + ω and − ω are the self-dual and anti-self-dual parts of the spin connection ω. In an Euclidean context, this is equivalent of writing the norm group of quaternions SO(4) as SO(4) = S 3 × S 3 , where S 3 denotes the three sphere. The situation in eight dimensions is very similar since SO(8) = S 7 × S 7 × G 2 , with S 7 denoting the seven sphere, suggesting that one can also define duality in eight dimensions, but modulo the exceptional group G 2 [26] - [27] . At the level of 1 + 7-dimensions, the situation is not so simple since the closest decomposition to the case so(1, 3) of the Lie algebra so(1, 7) associated with SO(1, 7) seems to be so(1,
, where g 2 is the Lie algebra of the exceptional group G 2 and L Im(O) (R Im(O) ) is the space of linear transformations of O given by left (right) multiplication by imaginary octonions. A possible check that this is really the case observe that dim so(1, 7) = 28 and dim g 2 + dim L Im(O) + dim R Im(O) = 14 + 7 + 7 (see Ref. [26] for details). Thus while the self-dual sector is related to the exceptional group G 2 one finds the intriguing result that the antiself-dual sector should be related to two copies of Im(O), the 7−dimensional space consisting of all imaginary octonions.
In the case of (4 + 4)-dimensions one may consider the chain of maximal embeddings and branches, so(4, 4) ⊃ s(2, R) ⊕ so(2, 3) ⊃ so(1, 1) ⊕ sl(2, R) ⊕ sl(2, 2).
However, these subgroups are not full symmetry groups and therefore it is difficult to reveal hidden symmetries in the action (14) . Finally, one may also think in a generalization of our procedure to other dimensions beyond 4 and 8 dimensions. Let us consider a generalization of (12) in the form 
One observes that due to the fact that the curvature R ab µν is a two form the formalism is possible only in 2 2l -dimensions (or 2 2l−1 -dimensions), where l denotes the number odd (or even) R-terms in (39). Thus, the generalized action (14) can be written as shall lead to an action with various higher dimensional Lovelock type terms. For further research, it may be interesting to explore this observation in more detail.
